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Abstract. The time lag permeation technique has proven to be an effective method for chatacterisation. Because of 
the simple nature of the permeation experiment, transport parameters can be directly obtained from experimental data 
hence avoiding the intensive mathematical treatment required by other techniques. The method has historically been 
appliec~ to diffusion and adsorption in porous membranes and diffusion in polymer membranes. Since its origins 
in 1920, interest in the time lag method has expanded because of its value in characterising simple permeation 
processes and also complex systems of diffusion with simultaneous adsorption and surface diffusion. This review 
focuses on presenting the asymptotic solution of the mass balance diffusion equations and includes applications of 
time lag analysis, in order to give a critical and broad perspective of this method as a tool for characterisation. It 
includes much of the previously published literature in order to show that for most cases the asymptotic solution of 
the transport equations is simple, and for more complex cases that an analytical solution is possible hence avoiding 
cumbersome numerical techniques. 
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1. Introduction 

There are several methods of characterisation em- 
ployed for investigation of mass transport in solids. 
Among these are the 'integral permeation' methods, 
which are based on continuous monitoring of the 
amount of penetrant diffusing through a solid mem- 
brane into a closed vessel--similar to Fig. 1. These 
methods offer a simple, yet effective technique for de- 
termining the transport parameters characterising the 
solid-penetrant system. 

The permeation process can be divided into its tran= 
sient and steady state components. The transient or 
dynamic component can be represented by the 'time 
lag' parameter, obtained from the finite time differ- 
ence observed between the time at which the pene- 
trant enters the membrane and the time at which the 
flow rate of diffusing species into the closed volume 
reaches a steady state of permeation. This is shown in 
Fig. 2. 

The time lag technique was originally conceived by 
Daynes, who in 1920, modelled the mass transport 
through a rubber membrane and obtained a solution 
for the observable time lag as a function of the dif- 
fusion coefficient. The mass balance and asymptotic 
solution was presented by Daynes only for slab geom- 
etry. Barrer (1939, 1940) modelled the mass balance 
to include slab, spherical and cylindrical geometries. 
Rogers et al. (1954) included a time lag expression 
for short times, useful for its application to relatively 
impermeable materials. The technique was further de- 
veloped by Frisch (1957), who provided mejans for an- 
alytical evaluation of the asymptotic solution where 
numerical techniques would otherwise be required. 
Frisch's method is applicable to the mass balance for 
slab, spherical and cylindrical geometries. The work of 
Frisch coupled with that of Barrer, gives time lag anal- 
ysis a great degree of flexibility and makes it favourable 
for a wide range of applications and currently the 
time lag permeation technique is being employed for 
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Figure 1. Schematic representation of 'time lag' apparatus. 

characterisation of porous solids, polymers and metals 
(Table 1). 

There are many variables which can affect the per- 
meation process in solids, e.g., solid geometry and 
structure and the nature of the diffusant. For this 
reason, it is necessary to present the mass balance 
equations and corresponding asymptotic solutions for 
various diffusion mechanisms and also include simul- 
taneous adsorption and surface diffusion. The texts by 
Barrer entitled "Diffusion In and Through Solids" and 
by Crank, "The Mathematics of Diffusion", provide 
the mass balance equations for several different cases 

together with the analytical solution for various bound- 
ary conditions and geometries. Due to the fact that 
diffusion of heat and mass are described by similar 
transport equations, heat conduction texts such as that 
of Carslaw and Jaeger (1947), serve to complement the 
previously mentioned texts. 

2. Diffusion in Slab Porous Membrane 

In order to model the permeation process through a 
porous membrane, we will firstly consider the slab 
porous medium of length Lc. Because the penetrat- 
ing molecule is obstructed by the solid, the path is not 
straight along the medium coordinate, hence the diffu- 
sion path length will be greater than or at least equal to 
the length of the membrane. This gives rise to the tor- 
tuosity factor, 3, which has traditionally been defined 
as the ratio of length of the true molecular path (L) to 
the length of the displacement of the molecular path 
(Lc) along the medium coordinate. 

L 
~: = - -  (1) 

Lc 

The mass balance for the system relates the accu- 
mulation in the slab porous membrane to the change in 
flux at any time t, and at any point in the direction of 
diffusion, x: 

OC a J  
Ot -- Ox (2) 

PRESSURE RISE IN CLOSED RECEIVING VOLUME 

Figure 2. Pressure response indicating the 'time lag' before the establishment of steady state of flow into the receiving volume. 
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Table 1. Research conducted with time lag analysis. 

Topic of investigation Author 

Origins of time lag analysis 

Time lag for permeation in cylindrical and 
spherical geometries 

Permeation behaviour at 'short times' 

Permeation through porous adsorbents 

Permeation of gas mixtures 

Permeation through catalyst particles 

Permeation with non Fickian diffusion 

Permeation through polymer membranes 

Permeation with serial and/or parallel paths 

Permeation with reaction 

Permeation in metallic solids 

Permeation through composite membranes 

Daynes(1920) 

Barrer(1940, 1944) 

Rogers et al. (1954) 

Barter and Grove (1951 ); Carman and Raal ( 195 I); Barter and Barrio 
(1952); Barter (1953); Barrer and Strachan (1955); Ash and Grove 
(1960); Barrer and Gabor (1960); Ash et al. (1963); Ayimore and 
Barrer (1966); Ash et al. (1967, 1970, 1971, 1973, 1979); Barrie 
et al. (1975) 

Barter (1953); Ash et al. (1963, 1973, 1976); Barrer (1965); Aylmore 
and Barfer (1966); 

Grachevetal. (1970);Gilbaroetal. (1970);Smithetal. (1975, 1976, 
1979, 1983); Simon and Grzywna (1992); Moffat (1978) 

Frisch (1957, 1958, 1959, 1962); Pollack and Frisch (1959); 
Petropoulos and Roussis (1967, 1968, 1969); Tsimillis and 
Petropoulos (1972); Roussis and Petropoulos (1976, 1977) 

Paul and DiBenedetto (1965); Crank and Park (1968); Paul (1969); 
Jenkins et al. (1970); Yasuda and Rosengren (1970); Tshudy and 
Von Frankenberg (1973); Vieth et al. (1975); Felder (1977); Barter 
(1984); Alger et al. (1989); Nguyea et al. (1992,1994); Vasak and 
Broz (1993); Vieth ( 1991 ) 

Chen and Rosenberger (199 !) 

Ludolph et al. (1979) 

Refer to Barrer (1941) 

Jaeger (1950); Frisch (1957,1958,1959); Barrie et al. (1963); Ash 
et al. (1963,1965); Frisch et al. (1979) 

where C is the concentration of  diffusant in the mem- 
brane (mole/m 3 of  membrane), J is the flux of  diffusant 
(mole/m 2 of  membrane.sec), and x is the coordinate 
along the porous medium. If  Fick 's  Law applies to 
the diffusion process, the flux is linearly related to the 
concentration gradient. 

J = - D  OC r mole ] 
ax Lm 2 of  membrane.see J (3) 

where the constant D is defined as the diffusion coeffi- 
cient. The value of  the diffusion coefficient is specific 
for a defined fluid and material and is known to be con- 
centration dependent if  the adsorbed phase concentra- 
tion is high. If  this is the case, the solution of  Eq. (2) 
for the concentration profile would require numerical 
methods. However, if  the Knudsen mechanism alone 
is controlling, the diffusion coefficient is constant, de- 
noted as D x  and Eq. (2) then becomes 

a c  a2c 
I = D r  ~ (4) 
at ax 2 

The Knudsen diffusion mechanism applies at low 
pressures, hence the concentration of  the penetrating 
species must be kept low in order to allow the simpli- 
fying assumption of  constant diffusion coefficient to 
be made. In fact, for Knudsen diffusion in a porous 
solid with capillary channels of  average radius rp, 
the following criterion must be satisfied (Levenspiel, 
1984): 

P • rp < 0.005 Pa.m (5) 

where P is the applied fluid pressure. 
A porous solid of length Lc can be used as  a means 

of  separating two volumes having differing concen- 
trations. The mass balance of  Eq. (4) can be solved, 
subject to some specified boundary conditions, for the 
expected concentration rise along the diffusion path and 
into the outgoing volume as a function of  the diffusion 
parameters. The outgoing concentration can be mea- 
sured as a function of  time, from which the diffusion 
parameters characterising the system can be derived. 
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2.1. Diffusion into a Medium Initially Purged 
of Diffusing Species 

If the membrane is initially free of the diffusing species, 
the initial and boundary conditions for the system can 
be expressed by Eqs. (6): 

C(x,  0) = 0 : (6a) 

C(0, t) = Co; (6b) 

C(L,  t) = Ct..~. 0; (6c) 

If the upstream concentration, Co, remains constant 
during the course of the diffusion process and the down- 
stream concentration is negligible compared to the up- 
stream pressure (that is C~. ~ 0), the solution of Eq. (4) 
subject to the boundary conditions of (6), by either 
Laplace transform or separation of variables is given 
below (Barter, 1939). 

~1 1 • ['n]rx'~ (_ Drn2:rrZt'~ 
x = nSm~- -~- - ) exp  L2 .] (7) 

The boundary conditions can be physically realised 
by using extremely large volumes on both upstream 
and downstream. In this case, the number of moles 
transmitted from upstream to downstream causes only 
very small changes in concentration (in the order of a 
few percent). With sensitive measurement these small 
changes can be easily measured with time. 

The diffusive flux (J)  can be obtained from the con- 
centration profile of Eq. (7) by application of Fick's 
law (Eq. (3)). This is given as: 

DrCo 2DrCo  
J ( x , t )  = - -  + - -  

L L 
o o  

2..ax"'~ COS nsr x {--n27r2 Dic t "~ 
X n=, - - [ -  e x p t  ~ ) (8) 

The second term in the flux equation represents the 
transient contribution and the first term is the steady 
state portion of the flux. It is a function of time and 
displacement in the direction of diffusion and hence 
can be solved for the fluxes entering and leaving the 
membrane (x = 0 and x = L, respectively). 

2.1.1. Dynamic Concentration Change at the Down- 
stream Face o f  the Membrane. The expression for 
flux at the end of the membrane can be obtained from 

Eq. (8) by setting x = L: 

DrCo 2DKCo 
JL(t) -- F - -  

L L 
o o  ['--n2rc2 O r t  x cos(n:,r) exp t ~ ) (9) 

n = l  

yielding a time dependent flux equation and the con- 
vergence of the series is slow for 'short times' (low 
values of time). The short time solution obtained by 
Rogers et al. (1954) and presented below removes the 
problem of slow convergence for small values of time. 

2.1.2. Short Time Solution. A solution to the mass bal- 
ance of Eq. (4) was developed by Rogers et al. (1954) 
for the transient stage of diffusion, before the estab- 
lishment of steady state of flow into the outgoing vol- 
ume. This solution is useful for application to rela- 
tively impermeable materials, which require the short 
time solution because of the unreasonable length of 
time required for the diffusion process to reach steady 
state. By obtaining the Laplace transform solution of 
the mass balance Eq. (4), taking its Taylor series limit 
as s --+ ~ ,  and then inverting the result back to the time 
domain yields the following solution for the flux at the 
exit face of the membrane 

JL(t) =2Co O / ~ x - - ~  
/-(2n + 1)2L2"~  exp[ ) (10) 

The terms of the series in Eq. (10) are small relative to 
the first term, hence by keeping only the first term, we 
have the following useful short time solution: 

= 2Co //  ( exPk4--~Kt j (11) 

The flux at the exit can be readily measured experimen- 
tally. Thus, by plotting ln(JL.v/7) versus t -1 we would 
obtain a straight line having the following slope and 
intercept 

_ L  2 
Sshort = - -  (12a) 

4 D r  

tshon = In 2Co (12b) 

which can be utilised to determine the tortuosity of 
the diffusion path and the diffusion coefficient. Rogers 
et al. (1954) suggested that the upper time limit for 
application of Eq. (11) should be 2.7 times the time lag 
(the definition of time lag is presented in 2.1.1.3). 
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We have established a pressure relation with time for 
the outgoing volume subject to the restrictions: 

1) the pressure in this volume is always insignificant 
compared to that of the upstream. 

2) the upstream pressure is constant throughout the ex- 
periment. 

3) the time scale of the experiment is short (short time 
condition). 

To remove the time scale restriction of the solution 
obtained by Rogers et al. (1954) we should examine 
the general solution. 

2.1.3. General Solution. Integration of the general 
flux equation, Eq. (9), with respect to time, yields the 
amount permeating out of the pellet (Q t.): 

fo 
t 

QL(t) = - A  JL(t)dt 

ADgColt  L 2 2L 2 
= 6D'----~ + 7r 2 D""~ 

oo ( _ 1 ) .  +,  (_ 1 
x ~ n2 exp L2 ) ]  

n=l  

(13) 

The outgoing pressure then, subject only to the bound- 
ary condition restrictions, is obtained from the amount 
permeating through the end of the pellet (Eq. (1.3)): 

e L  - 
ADrPo It L2 2L2 

V L 6 D---~K + rr 2 D tc 
oo ( _ 1 ) . + i  (_ or  r t.,}l 

× ~ n2 exp L2 ,/j 
nml 

(14) 

where A is the cross-sectional area available for gas 
phase penetration perpendicular to the direction of dif- 
fusion and V is the volume of the receiving reser- 
voir. For the slab porous membrane, the cross-sectional 
area for diffusion is related to the measurable cross- 
sectional (Ac) through the porosity (e), A = eAc. 

The solution for downstream pressure with time 
given by Eq. (14) is not of useful form for analysis 
of experimental data. If we examine the asymptotic 
solution at large times a useful working relation will 
be revealed. 

• 2.1.4. Steady State Solution. The steady state asymp- 
tote of Eq. (14) is found by taking the limit as t -~ co, in 
which case the transient summation terms are reduced 

to zero and the downstream pressure rise is given by: 

ADKPo.( t L 2 ) 
lim PL(t)= -- (15) 
,-~oo VL .\ 

Hence the plot of pressure rise versus time will ap- 
proach a linear asymptote, indicated in Fig. 2, if the 
downstream pressure remains negligible compared to 
the upstream pressure (boundary condition 6c). The 
linear asymptote has gradient denoted as Soo, and the 
intercept on the time axis of such a plot is called here- 
after the time lag and is denoted as thg: 

ADr  Po 
Soo ----- ~ (16a) 

VL 
L u 

tlas = 6/~K (16b) 

Membrane thickness (Lc) is known and can be related 
to the diffusion path length (L), through the tortuosity 
factor. From the 'time lag' diffusion experiment, we 
can obtain the gradient of the curve of outgoing pres- 
sure against time, Soo and the time lag intercept, tlag- 
These can be used to evaluate the diffusion coefficient 
and tortuosity, noting that the product of the steady state 
slope and the time lag is independent of the diffusivity. 

APo L (17) Soo x tlag = V 

The Knudsen diffusion coefficient has been found 
to be related to the average pore size (r;) through the 
Knudsen diffusion equation: 

2rv, 8 ~  (18) 
D r =  3 VJrM 

where T is the absolute temperature and M is the 
molecular weight of diffusant. Not only can we ob- 
tain information concerning the diffusion properties of 
a fluid through a particular solid (tortuosity), but we can 
also characterise the average pore size. Barter (1953) 
used this approach to charaeterise porous glass. 

We have noted in Section 2.1.2 that-a plot of 
ln(Jt.dT) versus t -1 yields a straight line of slope and 
intercept given by (12a) and (12b). At steady state, we 
have shown that Soo and hag are given by Eqs. (16a) 
and (16b). If the diffusion coefficient is constant over 
the time period of approach to steady state, then 

tlag 2 
(19) 

Sshort 3 
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This becomes a convenient test for the presence of 
functional dependence of the diffusion coefficient with 
time. 

Now that we have obtained an expression for the 
flowrate through the pellet, we can easily estimate the 
appropriate volume sizes needed in order to comply 
with the prescribed boundary conditions. Boundary 
condition (6b) requires the upstream concentration to 
be constant. If  we assign the relative change in upstream 
concentration to be no greater than 1% and conduct the 
experiment for a period of 6 times the time lag, as- 
suming for the worst case scenario that the steady state 
flowrate is reached instantly, then we find that the up- 
stream volume (Vo) must be greater than 200 times 
the product of the cross-sectional area and length, i.e., 
V0 > 200 AL. Similarly, the downstream volume (V) 
restriction is given by, V > I00 AL. 

2.1.5. Concentration Change at the Upstream Face 
of  the Membrane. In many instances it may be more 
convenient to measure the dynamic rate of the amount 
of diffusing species entering the pellet rather than the 
amount permeating and exiting the pellet. For example, 
to maintain the downstream boundary condition of 6c, 
the experimental rig must have the ability to hold static 
vacuum. Experimentally this is a difficult requirement 
to meet but holding dynamic vacuum by means of an 
operating vacuum pump can keep the pressure con- 
tinually low. The disadvantage is that the ability to 
measure the amount exiting is lost. However if the 
amount entering is measured, characterisation can still 
be achieved through analysis of the inlet time lag and 
steady state slope. 

To obtain the expression for the inlet time lag we 
must evaluate the flux given by Eq. (8) at x = 0 and then 
integrating the result with respect to time, we obtain the 
amount diffusing into the membrane: 

fo t Qo(t) = A Jo(t)dt 

_ A Co t +  3DK rr"~'x n=l ~-~ 

x e x p (  DKn2zr2t)] 
L 2 } l  (2o) 

The pressure variation in the upstream volume is ob- 
tained from the amount diffusing into the membrane 

and is given by Eq. (21). 

P0(0) - po(t) 
ADKPo [ L 2 2L 2 

-- [ t - t -  
V L  3Dx rr2DK 

x .=l ~ -  exp L2 j ]  (21) 

where P0(0) is the initial upstream pressure and Po(t) 
is the upstream pressure at time t. By taking the limit 
as time increases, the time lag and steady state slope 
are obtained from the asymptote. 

A D r  Po 
S~ = (22a) 

VL 
L 2 

-- (22b) tlag 3 DK 

as shown in Fig. 3. 

2.2. Diffusion into a Medium Initially Containing 
Diffusing Species 

To extend the analysis from Section 2.1 to the case 
where the membrane initially contains a known amount 
of diffusing species and its initial distribution across the 
membrane is uniform, we must alter the initial condi- 
tions. 

2.2.1. Insignificant Downstream Concentration. The 
boundary conditions can be constructed to include 
a constant initial concentration in the membrane, 
exposed to a constant upstream concentration and 
negligible downstream concentration as indicated by 
Eqs. (23). 

C(x, O) = Ci; membrane initially has concentration 
Ci of diffusing species (23a) 

C(0, t) = Co; upstream pressure is constant (23b) 

C(L, t) ~ 0; downstream pressure is negligible in 
comparison with the upstream (23c) 

The solution of the mass balance Eq. (4), with these 
boundary conditions (23), is 

C = C o  - Jr 

(1 + ~) cos(nzr) - 
×I2 n 

f nzrx'~ f Drn2~r2t.'~ 
x sin ~, T )  exp k L2 ,] (24) 
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Figure 3. The pressure response in the upstream volume. 

where a is defined as: 

G - C o  
t~ -- - -  (25) Co 

The flux at any point along the axis of  diffusion, is a 
function of time and displacement in the x direction 
and can be obtained by applying Fick's law. 

DxCo 2DrCo 
J(x,  t) = + - -  

L L 
oo 

x ~--'~[(1 + t~) c o s ( n ~ )  or] 
n=l  

n:rrx ( - n 2 r r 2 D r t )  
x cos T exp L2 j (26) 

We can obtain expressions for flux at the inlet and 
outlet, and by integrating with respect to time we can 
obtain the amounts entering and leaving the membrane 
as a function of time given as 

ADrCo 
Qo(t) = 

L 
L2 L 2 2 L  2 

x t -- tx 3--~r (1 + ,V)6D x zr2D r 
oo K-~ [(1 + or) cos(nzr) -- tx] 

x /.2, n 2 
n=l  

x exp~  Drn2zr2tzT ]j )] (27a) 

QL(t) -- - -  
ADxCo 

L 
L2 L 2 2 L  2 

x t+o t -6 - -~K+( l+at )3Dx  ~2DK 

~-~-] [(1 + at) cos(nrr) - or] 
X n2 

n=l 

× exp(- O~n2~t,)l 
L2 , ] j  (27b) 

respectively. The time lags obtained from taking the 
limit of  Eqs. (27) as t ~ oo, are: 

L 2 L 2 
(tlag)inlet = Ct3D r + (1 + °t)7"-A---~our (28a) 

L 2 L 2 
(tlag)exit = Ot6---O-~K "q- (1 + ot)3--D~- r ( 2 8 b )  

If  the membrane is initially clean (that is Ci 0, hence 
ot = - 1 ) ,  Eqs. (28) will become: 

Z 2 
(tlag)inlet = 3 D r  (29a) 

Z 2 
-- (29b) (tlag)exit 6Dr  
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If the membrane initially contains diffusant of concen- 
tration Co (that is r~ ___ 0), we have 

Z 2 
= (30a) (tlag)inlet 6DK 

L 2 
= - (30b) (tlag)exit 3Dr 

The analysis of Section 2.2.1 assumed that the down- 
stream concentration was insignificant (boundary con- 
dition 23c). If the concentration rises to approach that 
of the upstream, the driving force for permeation re- 
duces, we break the steady state linear pressure rise and 
approach an equilibrium concentration throughout the 
system. This is the case if the permeation rate is high 
relative to the downstream volume (see Section 2.1.4). 
In order to analyse data obtained from an experi- 
ment of this kind, we must find an asymptotic solu- 
tion to the diffusion equations with general boundary 
conditions. 

2.2.2. Significant Downstream Concentration. If the 
downstream concentration is held effectively constant 
with time (again by using a large volume), then the 
mass balance can be solved with the following bound- 
ary conditions: 

C(x, O) = Ci; 

C(O, t) = Co; 

C(L, t) = Ci; 

membrane initially contains 
concentration Ci of diffusant (3 la) 

upstream pressure is constant (3 l b) 

downstream pressure is constant 

(31c) 

The asymptotic solution of mass balance Eq. (4) 
with these boundary conditions (31) is given by B arrer 
(1940): 

C = Co+  ( C I - C o ) ( X ~  2 
\ L :  7[ 

°° Cl COS(nrr) - Co . (nLx ) 
× E sin 

n----I n 

(. DKn2zr2t ) 4Ci 
x exp L2 --b it" 

× (2m + 1----'~ ' - ra-~l 

x expf DK(2mL 2-t- 1)2~2t.] (32) 

The flux at any point along the axis of diffusion, ob- 
tained from Fick's Law (Eq. (3)): 

J ( x ,  t )  = 
-Dr(Cl  - Co) 2DrCo 

L L 
oo 

x )--~:Cl cos(mr) - C0] 
n=l 

['nrrx ~ [--n2zr2DKt ×c°su-z--jexp  ' V ) 

-I--------~- )--'~ COS 4DKCi°° ((2m + 1)rrx) 

n=l L 

expF--(2m + 1)2jr2Dr t ] )< -L~ j (33) k 

By integrating the flux equations at inlet and outlet with 
respect to time, we can obtain the amounts entering and 
leaving the membrane as a function of time. The time 
lag at the inlet and exit of the membrane, obtained 
from the time axis intercept of the long time asymptote 
is given by Eqs. (34) and (35): 

(tlag)inlet m (CI ._---~o)D K "1- 3 (34) 

(tlag)exi, --  (C I --'-'Co)OK 6 + (35) 

If downstream concentration is negligible (C~ = 0) the 
time lag expressions reduce to: 

1] 
(flag)inlet = -~K-K k ~ -  0 ~ (36) 

(tlag)exit = "~K'K L ~ -  0 ~ (37) 

which are essentially the same as Eqs. (28) in Sec- 
tion 2.2.1. If the membrane is also initially clean 
(Ci = 0), then the time lag expressions simplify to: 

Z 2 
(/lag)inlet = 3 D r  (38) 

L 2 
(hag)exit = 6Dr (39) 

as we have shown previously in Section 2.1. 
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Figure 4. Pressure response in the downstream volume with approach to equilibrium. 

2.2.3. Time Dependent Downstream Concentration. 
The boundary conditions of the previous section de- 
mand constant upstream and downstream concentra- 
tions during the experiment. The resulting solution for 
the amount permeated out of the pellet as a function 
of time requires identification of a linear asymptote. 
In order to ensure that the permeation has reached a 
constant rate, the experiment should be run for a long 
period of time and the slopes of the local asymptotes 
at large times compared. If the volume is too small 
to keep the concentration low over this period of time 
(in compliance with the previously presented boundary 
conditions) and hence maintain a constant permeation 
rate with time, then the pressure rise will approach that 
shown in Fig. 4. However, the diffusion coefficient can 
still be readily obtained from such data. 

Nguyen et al. (1992) consider this problem and ob- 
tain an asymptotic solution based on the boundary con- 
ditions which allow the downstream concentration to 
be of significant value in comparison to the upstream 
and vary with time but the upstream must be held con- 
stant with time. 

C(0, t) = Co (40a) 

C(L, t) = C(t) (40b) 

with the initial conditions 

Ci = Co (40c) 

and a mass balance out of the pellet and into the down- 
stream volume is needed to determine the downstream 

concentration 

D 32C V 3C 
~-g~x2 , + X ~ -  L =o  (40d) 

Nguyen et al. (1992) propose that the solution for the 
downstream concentration should take the following 
form: 

CL=Co[1- -y~a iexp ( - - f l i t ) ]  (41) 
i 

The asymptotic solution for this case differs from what 
we have seen previously. Instead of an eventual linear 
rise in pressure with time because of the constant driv- 
ing force, we now have a non-linear asymptote because 
of the dynamic pressure changes. This asymptote is 
given by Nguyen et al. (1992) as 

= ACoaLI[1 - exp(-f l t ) ]  lim QL 
t-.~ oo / 

 )tJ (42) 

where the parameter a is given by 

PL(0) 
a = I - -  (43) 

Po 
and the parameter/~ can be found graphically from the 
slope of the plot of In(AP) versus time, 

01n(AP) 
fl = - -  (44) 

at 
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and hence the diffusion coefficient can be determined 
by the fit of Eq. (42) to the data. The procedure of 
Nguyen et al., is to extrapolate this asymptote back to 
the time axis ensuring that this line is tangential to the 
point of inflection marked in Fig. 4. The intercept is 
a function of the diffusion coefficient also and hence 
can be calculated from the transient data by using the 
relation 

= 1 1 exp(-fltlag)] } Dr flL2[6-}- ~[ - 

x [1 - exp(-/Stlag)] -1 (45) 

If the pressure difference is constant with time and the 
downstream pressure is negligible as we have assumed 
in our previous analysis then/5 --+ 0, ot = 1 and the 
time lag reduces to the previously obtained relation of 
Eq. (16b). 

2.3. Permeation Time Lag by the Method of Frisch 

The analysis of Section 2 made the assumptions that the 
membrane had uniform properties throughout its cross- 
section and length and that the fluid phase diffusion was 
controlled by the Knudsen mechanism. This enabled 
the simplification of constant diffusion coefficient to 
be made. In some systems, these assumptions will not 
apply and the diffusion coefficient may be a function of 
concentration, displacement in the direction of diffu- 
sion, or time. Viscous diffusion mechanism, non-Henry 
law adsorption onto the membrane, the presence of 
blind pores or a structurally non-uniform membrane 
will all produce a variable observed diffusion coeffi- 
cient. If this is the case, the mass balance must be solved 
numerically for the concentration profile through the 
membrane. In 1957 however, Frisch obtained an 
asymptotic solution without solving the diffusion equa- 
tion explicitly for the concentration distribution. 

2.3.1. Concentration Dependent Diffusion into 
Medium Initially Purged of Diffusing Species. Inte- 
gration with respect to x, of the basic mass balance 
represented by Eq. (2) (subject to the boundary condi- 
tions given in Eqs. (6)), from any point x to L yields 

fx L = J(x, t) - JL(t) (46) 
OC(x, t)dx 

Ot 

Integrating again, with respect to x, from 0 to L and 
noting that JL(t) is not a function of x, we get 

fo f? z, fo -~ t)'dzdx = J(x, t)dx - JL(t)" L 

(47) 

Solving this equation for the flux at the exit J~.(t), we 
have 

l [ foL fotfxL OC(z't) dzdxl Jr.(t) = -~ J(x, t)dx - Ot 

(48) 

Integrating with respect to time up to time t gives 

fot l[fotfoL Jc (t)dt = -~ J (x, t)dxdt 

-- foLfxLC(z, t)dzdx] (49) 

in which we have used the initial condition (6a). Noting 
that fo JLdt = ~ we can rearrange Eq. (49) to obtain 
an expression for the amount permeating at the exit 
(QL). If we take the limit as t --+ c~, we obtain 

a[t fo L foLfx L x] QL.oo = -~ • Joo(x)dx - Coo(z)dzd 

(50) 

Integration of the double integral by parts and factori- 
sation yields 

:o J dx / 
(51) 

Equation (51) represents a linear relation, the time in- 
tercept of which is represented by 

f~ xCoodx (52) 
tlag = fot Joodx 

This is the most general time lag relation and assumes 
nothing about the diffusion coefficient. The only con- 
straint for the validity of Eq. (52) is that the conditions 
given in Eqs. (6) are satisfied. A simplification can be 
made if we assume that the diffusion coefficient is a 
function of concentration only. Integration of Fick's 
Eq. (3) yields 

fo L fca Joodx = D dCoo (53) dO 
Substituting Eq. (53) into (52), allows the time lag to 
become 

f~ xCoodx (54) tlag 
f :"  D dCoo 
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The steady state concentration profile (Coo) can be ob- 
tained as a function ofx simply by solution of the diffu- 
sion equation at steady state (where the time dependent 
terms are removed). If the diffusion coefficient is inde- 
pendent of the upstream concentration (as it should be 
for Knudsen permeation alone or with Henry law ad- 
sorption) as we assumed in the previous analysis, then 
the steady state concentration profile is linear (Eq. (7) 
neglecting transient terms) and Eq. (54) reduces to our 
previously obtained Eq. (16b). 

Further manipulation of Eq. (54) yields the final form 
of the time lag equation presented by Frisch (1957) 

L 2 rCo ~ .  . rCo Jo w u ( w )  jw w D ( u ) d u d w  
tlag ~- [ fco D(u)du]3 (55) 

where we have removed the explicit dependence on x 
and u and w are simply dummy variables. 

2.3.2. Practical Method f o r  Application. Ash et al. 
(1963) have made practical use of Frisch's technique 
for investigating anomalies with the concentration de- 
pendence of the observed steady state slope and then 
predicting the corresponding dependence of the time 
lag. Figure 5 contains the procedure for this and 

involves a series of differentiation and integrations 
needed in order to convert the 'integral' diffusion co- 
efficient obtained froha the steady state slope measure- 
ment to a 'differential' one needed for evaluation of 
Eq. (55). 

This procedure has the advantage of providing an 
analytical means for prediction of the time lag but gives 
little physical insight into the data as the method is 
empirical. 

As stated earlier, the Frisch technique is useful for 
application to membranes containing 'dead end' pores 
or structurally heterogeneous solid, or for the cases of 
diffusion by viscous mechanism or with non linear ad- 
sorption. These factors are considered in the following 
sections. 

2.3.3. Membrane Conta in ing 'Bl ind  Pores. 'Dead 
end' or 'blind' pores are small capillaries open to the 
main flow channel but closed at the opposite end. Dif- 
fusion into these capillaries can result in additional 
accumulation of diffusant within the membrane. To 
model such a system we could consider the blind pore 
volume as a transient sink for the permeating fluid as 
was considered by Goodknight and Fatt (1961). Ash 
et al. (1967) propose that for some solids the blind 
pore network is not truly a closed system, because it 

Figure 5. 
state slope. 

r o t  the measured steady state slope (S . . )  I 
versus upstream concentration (Co) I 

1 
I 

Fit an analytical expression to the slope as a function 

of the upstream concentration: So, = f (Co )  

L 
I Find the derivative of this function with respect to Co: d So, 

d C  o 

1 
Obtain analytical equation for the diffusion coefficient as a 

L dSo. 
function of the upstream concentration: IXCo) = - - - -  

A d C  o 

Use Equation (55) to obtain an analytical expression for h,s as a 
function of the upstream concentration. 

Algorithm for the prediction of the time lag as a function of upstream concentration requiting only the measurement of the steady 
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allows restricted passage of molecules to contribute 
to the steady state flux. The model of Goodknight and 
Fatt has received support from Roussis and Petropoulos 
(1977). The mass balance could be described by: 

OC EB aCs 02C 
+ - - - -  = Dk (56a) 

Ot e Ot Ox 2 

where CB is the concentration of the fluid phase in the 
blind pore, eB is the porosity attributable to blind pores 
and e is the porosity attributable to the void volume 
which forms the main flow channel. 

To relate the concentration in the through flowing 
pores to the concentration in the blind pore we might 
assume that the filling obeys the following linear driv- 
ing force model: 

OCs 
-- h(C - CB) (56b) 

Ot 

where h is a parameter representing the mass transfer 
resistance into the blind pore volume. An asymptotic 
solution is obtained by the method of Frisch and it 
is found that the time lag intercept is independent of 
the mass transfer resistance parameter (h) and is given 
simply by: 

(1 + ~)L 2 (56c) 
tlag ----- 6Dr 

When the amount of blind porosity is negligible, the 
time lag is given as considered previously (Eq. (16b)). 
Also the macro pore size distribution, total porosity and 
average pore size can be obtained by various methods 
such as mercury porosimetry. The Knudsen diffusion 
coefficient can be determined from the average pore 
size and the total porosity is the sum of the through 
flowing and blind porosity. Hence we can obtain the 
magnitude of the blind pore volume from experiment. 
Ash et al. (1972) have shown that for a porous car- 
bon membrane the relative magnitude of the blind pore 
volume is small. It should be noted that the small ob- 
served differences in the diffusion coefficient observed 
by Ash et al. (1967) and assumed to be attributed to 
the presence of blind pores has received criticism from 
Petropoulos and co-workers (1967, 1968, 1976, 1977), 
who have shown that for permeation through some 
membranes, it is the axial dependence of the diffusion 
coefficient which is controlling the observed anoma- 
lies. The time dependence inherent in the blind pore 
model, is believed to be insignificant in these systems. 
Even for membranes compressed in several increments, 
a procedure which reduces the change of porosity along 

the axis of diffusion, axial dependence of the diffusion 
coefficient is still observed in significant magnitude. 

2.3.4. Viscous Diffusion of the Fluid Phase. The per- 
meation experiment can be conducted at high pressures 
in which case the diffusion mechanism is controlled by 
collision of molecules instead of molecule-wall colli- 
sions along the diffusion path. In this case the fluid 
phase will diffuse as a bulk fluid. The mass balance 
must account for this viscous flux which can be de- 
scribed by the Hagen Poiseuille equation. The balance 
can be represented by: 

aC 8J O Jr 
(57) 

ax 0x at 

where 

and 

OC 
J = - D r - ~ -  x (58a) 

OC 
Jv = - Dv -~x (58b) 

and Dv is the viscous diffusion coefficient and is a func- 
tion of pressure. Using the Hagen Poiseuille equation 
we obtain an expression for the diffusion coefficient as 
a function of the viscosity of the permeating gas: 

e r  2 CRTr  2 
Dv = -- (59) 

8Ix 8/z 

When the pore radius or upstream concentration is 
small, Dv is small and the Knudsen term dominates 
the mass balance. Likewise, when the pore radius or 
concentration is large the viscous term dominates the 
mass balance. 

Because the viscous diffusion coefficient is a func- 
tion of concentration we can not obtain a full analyt- 
ical solution of the mass balance equation and must 
employ numerical techniques. However it is possible 
to obtain an asymptotic solution using the method of 
Frisch (1957) upon the mass balance. The steady state 
slope can be obtained by solution of the steady state 
mass balance equation resulting in 

Soo = A D r C o (  C° + l )  (60a) 
L \ W  

with the time lag given by 

:oLf~ Coodz dx 
t,ag = CoDr(-~ + 1) (60b) 
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where W = 3rp V ~ and Coo is the steady state 
concentration profile given by solution of the steady 
state mass balance. It is given by 

Coo= Co(Co+W) 1 -  -~ ~ ~ (61) 

resulting in the time lag as a function of upstream con- 
centration. 

L2 [10 + 2 5 - ~  + ( -~ )2 ]  (62a)  

tlag = 60Dr (ca 4- W - -  1/3 ] 

When the Knudsen diffusion term dominates the 
mass balance, the parameter W becomes very large 
and the time lag approaches the common relation pre- 
viously obtained. When the viscous term dominates 
the mass balance, the parameter W becomes very 
small and the time lag approaches that shown in 
Eq. (62b). 

L 2 L 2 
= ; tlag = (62b)  

hag 6DK 3Dr lim C or rt,---~O lira c or rp-+Oo 

In order to give a qualitative indication of the de- 
pendence of the time lag and steady state slope upon 
upstream pressure we will consider a permeation ex- 
periment at 303 K with Argon and a solid membrane 
with average pore radius 1 x 10 -5 cm, effective cross- 
sectional area 0.1 cm 2 and length 10 cm. Figures 6 
and 7 respectively show that the additional viscous 
flux reduces the time lag and increases the permeabil- 
ity (where we have defined the permeability as the 
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Figure 6. The effect of the viscous diffusion at higher pressures 
upon the time lag. 
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Figure 7. The effect of the viscous diffusion at higher pressures 
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observed steady state slope divided by the upstream 
concentration). 

2.4. Dual Phase Flow in Membrane: Simultaneous 
Diffusion, Adsorption and Surface Diffusion 

The previous analysis has considered only permeation 
of the fluid phase through the voids of the membrane. 
However, if adsorption occurs we must account for 
the additional accumulation of diffusing species within 
the material and also for the mobility of the adsorbed 
film by the mechanism of surface diffusion. With these 
considerations, we should rewrite the mass balance as: 

aC aC t , 
+ (1 - a--7- 

02C 02C/t (63) 
= eDp--ff-~x 2 + (1 - e)Ds Ox 2 

where e is the porosity of the membrane, C a is the 
concentration of the adsorbate on the solid surface of 
the membrane (mole/solid volume), Ds is the surface 
diffusion coefficient and Dp is the pore diffusion coef- 
ficient and is equivalent to the Knudsen diffusion coef- 
ficient if the Knudsen diffusion mechanism is control- 
ling. 

In order to derive the mass balance of Eq. (63), the 
assumption of constant diffusion coefficient has been 
made. In actual fact, the surface diffusion coefficient 
is well known to be highly concentration dependent at 
high pressures. However, if we conduct the experiment 
at low pressure corresponding to low adsorbed phase 
concentration, (Henry law) then this assumption is ap- 
plicable. 
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2.4.1. Linear Isotherm. In order to solve the mass 
balance of Eq. (63) a relation between the gas phase 
and adsorbed phase concentrations is required. If  local 
equilibrium is reached instantly and the relationship 
follows Henry law, then the mass balance is reduced to 
the form of Section 2 as we show next. 

2.4.1.1. Instantaneous Adsorption. If the adsorption 
rate is much faster than the diffusion rate and if the con- 
centration of sorbate in the fluid phase is relatively low, 
Henry law will apply. The adsorbed phase concentra- 
tion will be linearly proportional to the concentration 
of the fluid phase as described by Eq. (64). 

Cg(x, t) = K .  C(x, t) (64) 

With Henry law, the mass balance of Eq. (63) reduces to 

OC O2C 
O"'t- = Dapp 0x 2 (65) 

where the apparent diffusivity, Dapp, is defined as 

eDi, + (1 - e)KDs 
Dapp m e + (1 -- e)K (66) 

If  adsorption occurs instantly according to Henry law 
the analysis of Section 2 can be applied to the case of 
diffusion with simultaneous adsorption with the appar- 
ent diffusion coefficient (Dapp) (which accounts for sur- 
face and fluid phase mobility) replacing the Knudsen 
diffusivity (Dr) .  Therefore, for the boundary condi- 
tions of Eq. (6), the time lag and steady state slope 
will be 

L 2 L2[e + (1 - e)K] 
tlag = 6Dapp -- 6[eDe + (1 - e)DsK] (67a) 

Soo = [e + (1 - e)K] APoDapp 
VL 

APo 
= [eDe + (1 - e)DsK] ~ (67b) 

When presenting the mass balance with adsorption 
and surface diffusion it is important that the units 
are stated. The mass balance presented by Barrer and 
Grove (1951) contained an adsorbed phase concentra- 
tion expressed as an amount per surface area; in such 
a case, the Henry Law constant has units of length. 

2.4.1.2. Determination of the Extent of Knudsen Flux. 
Introducing the surface mobility term into the mass bal- 
ance of Eq. (63), introduces an additional variable in 

the form of the surface diffusion coefficient. If  a time 
lag experiment is performed with a sorbing species, 
the apparent diffusion coefficient can be obtained. To 
divide the total flux into surface and pore diffusion 
components, we should perform a time lag run with a 
non sorbing species, to obtain the pore diffusion pa- 
rameters. This can be done by using helium as the 
non-sorbing fluid. However, for some pellets, helium 
has been assumed to have a significant surface diffu- 
sion component (Hwang and Kammermeyer 1966) and 
hence we may require other means for determining the 
Knudsen diffusion parameters. Mercury porosimetry 
can be used to determine volume average pore size and 
hence Knudsen diffusion coefficient through Eq. (18). 
Schneider and Smith (1968) have performed experi- 
ments using higher temperatures where the amount ad- 
sorbed is small to reduce the contribution of surface 
flux to the total transport. Again this will only apply to 
some systems. 

2.4.1.3. Helium Method. If helium permeation is con- 
trolled by Knudsen mechanism, then a conventional 
time lag plot with helium yields helium time lag and 
steady state slope. Due to the Knudsen diffusion condi- 
tion, the diffusion coefficient for any species of molecu- 
lar weight M can be related to that for helium as follows: 

De = De.He V ~ (68) 

With the apparent or combined diffusion coefficient ob- 
tained from experiment with a sorbing fluid, and fluid 
phase pore diffusion coefficient obtainable through the 
helium method, the surface diffusion coefficient can be 
evaluated by means of Eq. (66). The difficulty with us- 
ing this method, results from the fact that when using 
a sorbing species, membranes of short length are re- 
quired to obtain a time lag on a reasonable time scale. 
However, when using a non sorbing species on the same 
membrane, a very short time lag results, leading to 
large relative error. Hence, the length of the membrane 
should be a matter for consideration. 

2.4.1.4. Finite ~me Delay for Adsorption. If  the rate 
of adsorption is comparable to that of diffusion, the 
adsorption kinetics between the two phases must be 
considered. The adsorption kinetics may be considered 
to be described by the following equation: 

(69) 
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where ka is the rate constant for the mass exchange be- 
tween the two phases. If this rate is large, the adsorp- 
tion process becomes instantaneous and we approach 
an equilibrium described by theHenry law relation. 

If  we consider the mass balance of Eq. (63) and con- 
sider the case of adsorption without surface diffusion 
as will be the case for slowly surface diffusing species, 
the mass balance should then be rewritten as: 

OC OC. 02C 
e -~-  + (1 - e) at "~ eDi, Ox 2 (70) 

The similarity between the case of time dependent ad- 
sorption and permeation with blind porosity is now 
evident by comparison between Eqs. (56) and (69) and 
(70). 

Equations (69) and (70) can be solved for the case 
of initially clean medium with negligible downstream 
concentration: 

C(x, O) "-- Cu(x, 0) = 0; membrane initially clean 

(71a) 

C(0, t) = Co; upstream pressure is 
constant (71 b) 

C(L, t) ~, 0; downstream pressure is 
negligible (71 c) 

2.4.1.5. Steady State Solution. A steady state solution 
of Eqs. (69) to (71) will be: 

C~c~ = K Coo(x) (72) 

Coo(x) = C o ( 1 -  L ) (73) 

2.4.1.6. Transient Solution. The full solution of 
Eqs. (69) to (71) can be obtained readily by employ- 
ing the Laplace transform. Knowing the solution for 
the concentration distribution within the membrane, we 
can obtain the amount collected up to time t in the out- 
going volume as: 

A e D e C o  [" LZ[e + (1 - e)K] 
Qt.(t) ~ t  --  

L 6~De 
S-"°° ot(Sn)eS~t 

+ (74) 
z..., s sinh t~(Sn) ] 
n=l  

where the coefficient a is defined as: 

s~ (1 - e)S~k~ 
= + eOe(Sn _ (75) 

and Sn and u are given by: 

S n = --u + / u  2 -- n27/"2 eDt ,  k~ (76a) 
eKL 2 

1 (/ca '(1 -- e)ka eDen2rr2) 
u = 2 \ K  + -- + (76b) e eL 2 ] 

The time lag derived from the intersection of the steady 
state asymptote of Eq. (74) with the time axis is: 

tlag = e-D-~ (77) 

This time lag expression is equivalent to the one de- 
rived in Section 4.1.1 (Eq. (63) with the surface diffu- 
sion coefficient equal to zero). The method of Frisch 
could also be applied to the mass balance to yield the 
same time lag expression as is shown by Goodknight 
and Fatt (1961). 

2.4.2. Permeation with Nonlinear Adsorption Iso- 
therm in Glassy Polymers. If  the time lag experiment 
with porous adsorbents is conducted at relatively high 
pressures, then the assumption of Henry law is not ap- 
plicable. Adsorption on some polymers may follow 
non-linear isotherm also. Various isotherm equations 
have been used in the literature to describe equilib- 
ria outside the Henry law region. Here we shall con- 
sider the case of adsorption onto glassy polymers as 
considered by Paul (1969) and described by Langmuir 
isotherm. For adsorption onto porous adsorbents we 
will consider an example chosen to demonstrate the 
usefulness of the method of Frisch. 

2.4.2.1. Mass Balance for Glassy Polymers. Perme- 
ation through 'glassy' polymer membranes have been 
investigated by Vieth and Sladek (1965) and Paul 
(1969). These glassy polymers are unique because 
of the presence of microvoids within the polymer 
network. The filling of these voids has been shown 
to exhibit Langmuir kinetics. The overall mass bal- 
ance can be represented by the following: (Vieth and 
Sladek, 1965). 

1 q- (a + ~ C )  2 ~ = D--ax 2 (78) 

where K and a are derived from the adsorption equi- 
librium constants. If  we combine the mass balance 
with the initial and boundary conditions represented by 
Eqs. (31), we can numerically solve for concen.tration 
profile, the amount collected at the outgoing volume 
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and for the time lag if desired. If  the time lag is all that 
is desired, the method of Frisch can be employed. 

2.4.2.2. Asymptotic Solution using the Method o f  Frisch. 
Considering the boundary conditions of Eqs. (31), we 
can integrate Eq. (78) with respect to x from x to L 
and then with respect to time from 0 to t. Rearranging 
and integrating the result with respect to x from 0 to 
L, yields 

QL = D(Co - Ci) t + Ci__~L 

L 2 
1 fL, fL  I - e  
JoL L C dxdz  eL 

~OL~Z L k ( C - C i )  
x (1 + aCi)( l  + aC) dxdz  (80) 

At steady state, the amount permeated approaches a 
linear asymptote, the intercept of which is a complex 
function of time as presented by Paul (1969). 

L 2 L28 L2K 
hag-- - -  + - -  

6D 2D D 

x [ '(8 + 0"5)ff2 + ff - [l + (l + 8)~ + Sg2] in(l + ff) + aSCo)(l + ac,)g "3 

(81a) 

where 

and 

G - C o  
8 = ~ (81b) 

Co - Ci 

a(Co - Cl) 
ff = (81c) 

1 + a C i  

Hence the time lag can be predicted after the equi- 
librium experiment has been conducted to determine 
the parameters K and a. The diffusion coefficient can 
be determined from the steady state flow rate and hence 
the time lag predicted using (81). 

2.4.3. Permeation and Adsorption with Nonlinear 
Isotherm in Porous Adsorbents. We should consider 
the case for porous adsorbents where the permeation is 
governed by diffusion in the gas phase and adsorption 
according to a non-linear isotherm. We will consider 
the case of non-linear adsorption according to the Uni- 
lan and Langmuir isotherms but with the limiting case 
where the surface flux is insignificant in comparison 
the fluid phase flux. These examples illustrate the use- 
fulness of the method of Frisch. 

Because the only contribution to the steady state flux 
is the permeation of the fluid phase, the steady state 
slope for this case is given previously as Eq. (16a). 

If the surface flux is insignificant in comparison to 
the fluid phase flux and adsorption occurs simultane- 
ously the mass balance can be represented by Eq. (71). 
If  the permeating fluid has strong affinity for the solid 
the isotherm relation will generally be non-linear. As 
an example of the usefulness of the method of Frisch we 
will consider the asymptotic solution of the mass bal- 
ance with three common isotherm relations: Langmuir, 
Freundlich and Unilan. 

Integration of the mass balance with respect to x 
from z to L then with respect to t from 0 to t and finally 
with respect to z from 0 to L gives us the asymptotic 
solution of the mass balance. 

The steady state concentration profile is required and 
can be obtained from solution of the steady state mass 
balance. It is given by Eq. (73). Hence at steady state 
the amount permeating is a linear function of time the 
intercept of which is: 

L 2 ( I - e )  foLfx L 
t l ag-  6D---e -~ eLDt,  Co C u d z d x  (81) 

The double integral can be evaluated for the two 
isotherms. 

2.4.3.1. Langmuir Isotherm. If  the adsorption equi- 
librium can be represented by the Langmuir isotherm 

bC 
Cu = Cu" 1 + bC (82) 

Then the double integral can be evaluated yielding the 
expression for time lag. 

L 2 

hag ---- 6e Dp - - [ e  + (1 - e)C,.,.bF(~.)] (83) 

where F(~.) is given by 

3 6 
F(~.) = ~ + 7-7[~. - (1 + ~.) ln(1 + k)] (84) 

A ~ 

and ~. measures the strength of the adsorption affinity 

X=bCo (85) 
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If the adsorption affÉnity is small, the function F(~.) 
will approach a limiting value. 

lim F(X)  = 1 (86) 
~-~o 

and time lag will reduce to the familiar relation: 

Z 2 

tl~g = p6eD--[e + (1 - e)K] (87) 

which is the time lag derived earlier for Henry law 
isotherm, with an immobile surface layer• If adsorp- 
tion affinity is large (bCo >> 1),the isotherm becomes 
rectangular and the time lag of Eq. (83) will become 

L 2 [ 3C~.~ ] 
tlag ---- 6 e D F '  e -I- (1 - -  e ) - - ~ - 0  ] (88) 

2.4•3•2• Unilan and Freundlich lsotherms. TheLang- 
muir isotherm is limited in its ability to fit some ex- 
perimental data. Often a better fit of the data can be 
achieved through Unilan isotherm given in the form: 

C~,• [ l + b e S C  ] c,=-E/ln f+ j (89) 

where/~ and s are equilibrium adsorption constants• 
The time lag is more complex because of the complex 
equilibrium expression. Using the usual method of 
Frisch, the time lag is found to be: 

tlag = 
L 2 (1 - 8)C#s L2 

+ -  
6Dr  4eDgC3sb 2 

x [(bCo --t-- e-S) 2 x In(1 + [~e"Co) 

- (/~Co + e") 2 x In(1 + [~e-SCo) 

+ Cob(e" - e-")] (90) 

Often a good fit to the isotherm data in the interme- 
diate range of adsorption is the Freundlich isotherm 
given as: 

C, = kC x/" (91a) 

This isotherm has no saturation limit nor does it reduce 
to Henry law at low concentrations and therefore there 
will be limits in the range of prediction. The time lag 
can be evaluated as was done for the Unilan isotherm 
with the result a function of upstream concentration 
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Figure 8. Equilibrium data fit by various isotherm equations. 

given as: 

L 2 
tlag = ~ -I- 

(1 -- e)Ln2kC I/n-I 

eDr(1 + n)(1 + 2n) 
(91b) 

To illustrate the differences between the prediction 
of the isotherms we can fit them to some adsorption 
data as is shown in Fig. 8. The fit is good for Uni- 
lan and Langmuir isotherms but not as good for Fre- 
undlich. To illustrate the dependence of the time lag 
upon the upstream concentration, we can calculate the 
time lag for permeation through a porous pellet whose 
length is 0.5 cm and whose porosity is 0.7 (loosely 

. 
compacted) and where the Knudsen &ffuslon coeffi- 
cient is 0.001 cm2/s. As shown in Fig. 9, we see that 
the time lag is very sensitive to the isotherm fit and can 
result in significant differences in the predicted values• 
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Figure 9. Predicted dependence of the timelag upon upstream pres- 
sure using various isotherm equations. 
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2.4.4. Permeation with First Order Reaction. Lu- 
dolph et al. (1979) have used a method similar to that 
of Frisch (1957) upon the mass balance to account for 
simple reaction or immobilisation of the penetrant. The 
mass balance can be represented by 

(1 + ~ ) ~ -  = D a2COx 2 - kC (92a) 

where the term k.C represents the amount of penetrant 
removed by first order reaction and ~ is the fraction 
of adsorbed molecules which are immobile and hence 
are unavailable for reaction. The time lag presented 
by Ludolph et al. (1979) is a complex function which 
is strongly dependent on the rate constant. A simple 
expression for the same time lag was found by Leypoldt 
and Gough (1980) and is given as 

L2(1 + ~ ) [ c ° ~  ¢ ~2] (92b) 
tlag = ' 2D ' - -  

where 
k L  2 

¢ = (92c) 
D 

Hence the permeation experiment in this case pro- 
vides simple means for evaluating the reaction rate con- 
stant and immobilisation factor and hence characteris- 
ing the physical mechanisms involved. 

2.5. Permeation with Serial and~or Parallel Paths 

Chen and Rosenberger (1991) have used the method 
of Frisch (1957) to obtain an expression for the time 
lag with permeation along 2 parallel paths which are 
in series with another path. Their analysis is useful 
for characterising permeation through body organs and 
in the process identifying various physical parameters 
characteristic of the organ. 

2.5.1. Combination of Upstream and Downstream 
~ m e  Lag. Simultaneous measurement of upstream 
pressure decay and downstream pressure rise during 
the time lag experiment has been recorded by Ash et al. 
(1979) and Petropoulos and Roussis (1967). This si- 
multaneous measurement will yield the flux into and 
out of the membrane as a function of time. Using the 
asymptotic solution of the mass balance equations pre- 
sented earlier we can determine the amount adsorbed 
and hence the isotherm in situ. This method provides a 
useful technique for investigation of permeation com- 
bined with time or displacement dependent adsorption. 

2.5.2. Permeation Through Composite Slabs. Ifa slab 
porous membrane is formed from materials of differing 
permeabilities, the observed properties of the compos- 
ite slab will be a function of the properties of the com- 
ponent materials. A slab of n layers, each layer char- 
acterised by its own diffusion coefficient and length 
can be used as a barrier for permeation. The asymp- 
totic solution to the mass balance equation can be ob- 
tained using the method of Frisch once again. Ash 
et al. (1963,1965) uses the Frisch method to obtain a 
time lag expression for n laminates in series. Below we 
show the time lag for diffusion through 2 laminates in 
series 

(tlag)c°mp = "~1 -'t- "~2"2J [ . D l  \ 6 D ,  + 

Ll 
L2 ( 6 ~ 2  + ~-~1)]  (93) 

This solution is particularly useful for application 
to polymer laminates. Another method to obtain this 
solution is to utilise the Laplace transform, in which 
case we can obtain a solution for the concentration 
profile also (Jaeger, 1950). 

3. Permeation Through Spherical Membranes 

Permeation experiments have been performed on ob- 
jects of cylindrical and spherical geometry because of 
the practical importance in diffusion in organic (Crank 
and Park, 1968) and ionic solids and alloys (Barrer, 
1941) and heat transfer in solids (Carslaw and Jaeger, 
1947) in the form of rods, hollow fibres, wires and balls. 
The mass balance describing diffusion in spherical and 
cylindrical geometries can be reduced to the form of 
that describing slab geometry (considered previously) 
through suitable transformations. For the case of diffu- 
sion in spherical geometry, the mass balance of Eq. (4) 
can be rewritten as: 

OCot -- r 210 ( r 2 D f r  (94) 

If diffusion is controlled by the Knudsen mechanism 
only, then the diffusion coefficient is constant, and a 
simplification can be made: 

OC Or 0 (r20C" ~ 
0--7 = r -'-T 0"7 \ ar ] (95) 
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If the diffusion coefficient is not constant with con- 
centration, time or displacement in the direction of 
diffusion then Frisch analysis for spherical geometry 
(Section 5) could be applied or numerical methods 
used. 

In spherical geometry we could consider the case of 
penetration of the solid sphere as presented by Barrer 
(1941), Crank (1975) and Carslaw and Jaeger (1947). 
However, the permeation process does not reach a 
steady state of flow but tends towards an equilibrium 
saturation of the solid sphere and cylinder. A more 
relevant case to consider is that of the hollow sphere. 

3.1. Hollow Spherical Shell 

Let us consider a hollow sphere of internal radius ro, 
and external radius r~. To account for the tortuosity 
of the diffusion path we must define the diffusion path 
outer radius rd 

rc = v . rl (96) 

where rl is the measurable outer radius. The model for 
hollow sphere can be transformed into a slab by simple 
transformation 

u = C .  r (97) 

and the mass balance of Eq. (95) will become 

Ou 02u 
= D r Or 2 (98) 

which can be solved by methods discussed previously 
and will depend upon the initial and boundary condi- 
tions. 

3.1.1. Hollow Spherical Membrane Initially Purged 
of  Diffusing Species. The boundary conditions for the 
case of an initially clean hollow sphere will be 

C(ro,  t) = Co; 

C(rc, t) = O; 

C (r, 0) = 0; 

internal concentration is 
constant (99ai 

external concentration is zero (99b) 

membrane is initially clean (99c) 

The solution of the mass balance in spherical geom- 
etL'y with these boundary conditions, can be obtained 
in terms of the transformed variable u, and subse- 
quent conversion will yield solution for concentration 

(Barrer, 1942¢). 

roCo roCo(r -- ro) 2roCo C = - -  
r r(rc - ro) rr.r 

oo (. D__rn2rr2 t 
x E 1 sin (nJr(r--ro) '~  exp 

n=l \ rc - ro / (rc - ro) 2 ]  

(lOO) 

The amount of diffusing species leaving the mem- 
brane, obtained by integration of the flux equation with 
respect to time, is given by 

Qr=rc = A • Dr  dt (101) 

where A represents the surface area available for pen- 
etration perpendicular to the direction of diffusion as 
we defined earlier. In the case of radial diffusion, the 
area will be the surface area of the shell perpendicular 
to the direction of diffusion and will therefore depend 
upon the radial coordinate. For the case of the porous 
sphere of radius rl which we have considered, the outer 
area will be expressed in terms of rl : 

A = e47rr 2 (102) 

Using the concentration solution, we have the amount 
permeated expressed as: 

ADrroCo [ (rc - ro) 2 2(re - ro) 2 
Qr=rc = -~c = r~c [t Ji- 6DK yr2Dr 

e~ (_l)n [" Dxn2rr2t ~ ] (103) 
x E ~ e x p k -  ( r c _ r o ) 2 / j  

n=l  

At steady state the amount permeated approaches a 
linear asymptote given by: 

aDrroCo [ (rc - ro) 2 ] 
arc.oo = (rc - -  ro)rc t "6-D-K (1.04) 

which has an intercept on the time axis given by 

(re - ro)  2 
tlag = 6Dr (105a) 

The steady state slope of the asymptote is 

ADrroCo 
S~ = (105b) 

(rc - ro)rc 

From experiment, we obtain two parameters--time 
lag and steady state slope. These will yield the un- 
known parameters which charactedse the system the 
Knudsen diffusion coefficient D r  and the outer diffu- 
sion radius rc (hence tortuosity) through Eqs. (105). 
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3.1.2. Hollow Sphere Initially Containing Diffusing 
Species. The boundary conditions for the case of hol- 
low sphere initially equilibrated with fluid to a concen- 
tration Ci throughout, will be 

C(ro, t) = Co; 

C(rc, t) = Ci; 

C (r, O) = Ci; 

internal concentration is 
constant (106a) 

external concentration is 
constant (106b) 

membrane is initially at constant 
concentration (106c) 

The solution by the method presented in 7.1.1, with 
these boundary conditions is (Barrer, 1944) 

roCo reCi -- roCo r - ro 2 
C =  + + ~  

r (rc - ro) r Jrr 

~ rcCl COS mr - roCo sin (nJr(r - ro) ~ 
n=l n \ r e  - -  r o  / 

~ Dgn27r2t~ 2Ci 
× e x p  

O 0  

x Esin(n~-~-(r--r°)~ r cc ° snz r - r °  
n=l \ re - r o  / n 

× exp  OK52"2'  (107) 
(rc -- ro) 2 ] 

The amount of diffusant leaving the membrane is 
given by integration of the flux equation with respect 
to time. As t --~ oo, the amount entering the receiving 
volume reaches a steady state asymptote, the intercept 
of which on the time axis is: 

Co - -  C i  (rc  - ro) 2 
flag = Co  - C1 6Dr 

C ~ - C ,  re ( r e - r0 )  2 
+ . . . . .  (108) 

C 0 -  Ci r0 3Dr 

which reduces back to the expression given previously 
for initially clean membrane when Ci = 0 and Ci = 0. 

3.2. Composite Spherical Shell 

Consider a spherical shell composed of n materials with 
their own distinct diffusion properties and with each 
layer in perfect contact with the neighbouring layers. 
The steady state parameters can be calculated for the 
composite shell along with the time lag for diffusional 
penetration. As stated in Section 6.2, the asymptotic 

solution of the mass balance for composite materials 
is complex. Only the solution for diffusion through a 
double laminate is presented below (Barrie et ai. 1963). 

(tlag)comp 
_ 1 F(rl : r0)3  + (r2 -- rl)3 + ._....~1 

6¢sph L D2r' " ro D22rl " r2 Di D2 

( 1  1 )  (rl -- ro)2(2rl + ro) 
X 

ro 

1 1 - rl)2(2rl + r 2 ) ]  
+ D - - - ~ ( ~ o - - 1 )  (r2 r2 

1 
(109) 

where Csph is defined as 

= 1 1 1 1 
Csph ~ll ( ~ 0 -  1 ) +  D22(~- -  1 )  (110) 

The time lag in this case is useful for determination of 
transport properties of coated spherical shells. 

4. Permeation in Cylindrical Geometry 

The mass balance of Eq. (4) can be rewritten in cylin- 
drical geometry as: 

OC 1 0 (DrOC'~ 
Ot -- r Or \ Or] (111) 

If diffusion of the fluid phase is controlled by the Knud- 
sen mechanism, then the diffusion coefficient is con- 
stant and the mass balance of Eq. (11 I) reduces to the 
following relation: 

OC DK O (rOC ~ 
O t -  r Or \  O r /  (112) 

If the diffusion coefficient is not constant, the method 
of Frisch can be applied to the mass balance to obtain 
the time lag (Section 9.0). 

Of interest in permeation studies is the case of the 
hollow cylinder of internal radius ro, external radius 
rl. The tortuosity of the molecular path for diffusion 
through the cylinder must be accounted for as it was 
for slab geometry, hence we define the diffusion path 
length re as given by Eq. (96). 

4.1. Hollow Cylindrical Shell 

When considering permeation within a hollow cylin- 
der, we should analyse the mass balance (Eq. (112)) by 
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making a substitution C = ue -°x~2t. The result is a 
Bessel equation of zero order, 

02u 1 0 u  ot2u 
3r 2 q - r ~ r  q- = 0  (113) 

The solution of the Bessel equation can be obtained in 
terms of Bessel functions, chosen to comply with the 
boundary and initial conditions• 

4.1.1. Hollow Cylinder Initially Purged o f  Diffus- 
ing Species. When considering the hollow cylindrical 
membrane initially purged of diffusing species, we can 
obtain the solution of the mass balance of Eq. (112) by 
using the boundary conditions represented by Eqs. (99). 

C _ 
Co ln(-~) 

In(G) 

oo CoJo(ot. . rc)Jo(otn • ro)Uo(otn • r) 

nml 

• exp( -- Orot2t) (114) 

where Uo is defined as Uo(a., r) = Jo(rotn)Yo(rca.) - 
Jo(rcot.)Yo(ra.), Jo and Yo are zero order Bessel func- 
tions of first and second kind respectively and t~. is 
defined as the positive root of Uo(ot.ro) = O. 

The amount of diffusing species leaving the outer 
face per unit length of cylinder is given by integration 
of the flux equation with respect to time. 

f o r ( O C )  dt (115) Qr=r~ = - A D K  ~ r  r=r~ 

where the area A for the cylinder is A = 27rrle.The 
asymptotic solution has been found by Barrer (1940) 
and is a complicated function which has been simpli- 
fied by Jaeger (1946) who employed Laplace transform 
technique for the solution• 

A C o D r  
Q r r , o o  ~ - -  rc'ln(G ) 

- (r  o + re)  I n ( G )  ×(t_ r~ rc2+4Drln(G)Z 2 2 - -  '~] (116) 

The time lag intercept and steady state slope of the 
asymptote are given by: 

ro 2 r 2 .31_ 2 2 2 - (r  o + rc) In(G) 
tlag = 4 D r  In (G) (117a) 

A C o D r  
S~ - (117b) 

ro • ln(G ) 

4.1.2. Cylindrical Membrane Initially Containing 
Diffusing Species. If the cylinder is initially equili- 
brated with penetrant to a significant concentration then 
the mass balance can be solved with the boundary con- 
ditions of Eq. (106) yielding a solution incorporating 
the Bessel function. 

Co ln(~) + C, ln(~) 
C =  

In( G ) 

'~YcCi E Jo(rootn)Uo(rao) 
n=o Jo(rootn) + Jo(rcCtn) 

[CI Jo(ot.ro)-CoJo(otnrc)]Jo(otnro)Uo(ot.r) 
2_, .=l Jo2(~"ro)- Jo2(~"r~) 

• exp ( -Dro t .2 t )  (118) 

where the variables are defined in the previous section• 
By the usual procedure, we can obtain an expression 
for time lag, as the amount leaving the membrane ap- 
proaches a steady state (Barrer 1940)• The solution 
obtained by Jaeger (1946) with the Laplace transform 
technique is again of simpler form and is given as 

2 2 C I -- C i r6 -- r e + (r 2 + r 2) ln(G ) 

tlag = C1 - Co 4Dk ln(G ) 

Co - Ci rc - r 2 - 2ro2[1 + In(G)] In(G ) 

C , - C o  4Dk ln(G ) 

(119) 

4.2• Composite Cylindrical Shell 

Permeation through a cylindrical shell constructed as 
stated in Section 3.2, yields an asymptotic solution of 
the mass balance which is complex. Only the solution 
for the double laminate is presented (Barrie et al., 1963) 

(tlag)comp 

_ 1 r I a t- r0)In - -  - -  ( r l  2 - -  r 2) 
4q~cyl r0 

q--~22[(r21+r22)ln~l - ( r 2 - - r 2 ) ] }  

;1 ° -rX/] + 4---~eyl { D-----I'~2 (In ; )  [2r2 In - -  - ( r2 

rl r2 -\/d/(ln~l~]] (120) + ~ 1 ~  Inr0 [ ( 2 - 1 o 2  k + r2 )  2r2 r2 
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~b~yl is defined as 

q~cym = ___1 In rl + __1 In r2 
Di ro D2 rl 

(121) 

5. Method of Frisch Applied to Spherical 
and Cylindrical Geometries 

If  the measured diffusion coefficient is not constant 
over the time period of measurement, the pressure 
range tested, or along the axis of  diffusion, then the 
asymptotic solution presented previously for cylindri- 
cal and spherical geometries is not applicable. The 
method of Frisch (1959) can be applied to the mass 
balance in spherical and cylindrical geometry to yield 
an expression for time lag as a function of the diffusion 
coefficient for this case. If  we define a parameter cp as 

f 
C(r.t) 

~o = D ( C ) d C  (122) 
dO 

A general mass balance can be constructed to account 
for all three geometries: 

at - -  r n-I a r  r" - j  ~r  (123) 

For n --- 1, the equation reduces to the familiar mass 
balance expression for slab geometry, n = 2 corre- 
sponds to cylindrical and n = 3 corresponds to spheri- 
cal geometry. For the general case of constant internal 
and external concentrations and constant initial concen- 
tration within the membrane, the boundary conditions 
become: 

C(ro, t) = C0; 

C(&,  t) = Cx; 

C (r, O) = Ci; 

¢p(C0, ro, t) -- ~Oo; internal concen- 
tration is constant (I 24a) 

tp(Ci, rl, t) = tpl; external concen- 

tration is constant (124b) 

membrane is initially at constant 
concentration (124c) 

Using the boundary conditions of  Eq. (124), we 
can integrate the mass balance (123) as described in 
Section 2.3. To obtain the expression for the amount 
permeated (as defined in Eq. (13)) an expression for 
the external area independent of geometry must be ob- 
tained and is presented as: 

A = - w . r  "- l  (125) 

where wn is defined as: 

2(J-~-)" 
w,, -- - -  (126) 

r(n/2) 

Using this expression, the amount leaving the mem- 
brane at steady state is then given as 

O)n ((flO.o0 -- ~D1.00) Q ( q ,  ¢¢) = 

f~ i dz 

~ Jr ,.______~oo -_ ~ i , r  £,~, dr r~,tr, c" , n-t~l r 
X t 

¢PO.~ - -  ~01.oo 

+ j~o ~oo - tP2~oo.oo-- -(~°'°°¢pl.oo-- ~ol.oo)dt) 

(127) 

where we have defined the integral diffusion coeffi- 
cients as: 

L CI f C,, 
tpoo.~ = D ( C )  dC,  ~ooo.o = D ( C )  d C  

dO 
(128) 

The time lag intercept of  the linear asymptote is: 

/lag = 
f ~l~t dr fr l  (Coo - Ci )rn- l  dr  

tpo.oo -- tpl .oo 

f o  ¢Po -- ~01 -- (¢PO.~ -- tpj .oo)dt 

~Oo.oo -- ~o1.~ 
(129) 

This is the general expression for time lag, independent 
of  the simplifying assumption of  constant diffusion co- 
efficient, for any of  the three geometries considered. 
For slab geometry (n = I) and for a constant diffu- 
sion coefficient, it can be shown that Eq. (129) reduces 
to the relation for Knudsen permeation only, given by 
Eq. (16). 

6. Experimental Considerations 

Permeation experiments have been performed on many 
types of solid membranes of differing structure. For 
porous solids, adsorption and surface diffusion occur 
in parallel. For non porous solids which contain a neg- 
ligible amount of void volume (e.g., polymer, metal, 
or crystal) sorption is initiated on the outer face of  the 
solid and subsequent diffusion through the solid in a 
single phase maintains the diffusive flux. Adsorption 
and diffusion are in series and hence the mass balance 
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into and out of  the volumes must include an adsorp- 
tion/desorption relation between the face of the mem- 
brane and the fluid it is in contact with. 

The book "Diffusion in Polymers" by Crank and 
Park (1968) can be used as a convenient reference for 
adsorption and diffusion data for common polymers. 
Attention has recently been given (see Section 2.4.2.1) 
to the 'glassy '  polymer, because of the unique diffusion 
mechanism observed within these polymers. Accumu- 
lation and immobilisation of the penetrating species 
is assumed to occur in microvoids within the mem- 
brane. The monograph "Diffusion in and through 
Polymers" by Vieth (1991) provides a review of the 
topic. 

6.1. Experimental Configuration 

There are two possible configurations within which to 
conduct the permeation experiment. The first has been 
termed the 'Wicke-Kallenbach'  diffusion cell experi- 
ment and involves an assumed inert carrier gas which 
is distributed on both sides of the pellet and keeps both 
sides at constant pressure. With the introduction of 
an adsorbate, a change in the molar concentration is 
observed and this provides the driving force. A step, 
pulse or wave change can be provided upstream and 
the moment  of  the response curve in this case can pro- 
vide a simple means for analysis. Grachev et al. (1970), 
Gilbaro et al. (1986), Smith et al. (1975,1976,1983) 
and Moffat (1978) have used this technique for inves- 
tigation of catalyst particles. The second configuration 
involves a single species with the pressure gradient 
providing the driving force. This has been the more 
popular form of the experiment and hence has been 

the focus of this review. Table 2 provides the relative 
advantages and disadvantages of both configurations. 
The essential disadvantage of the Wicke-Kallenbach 
configuration is the possible experimental complica- 
tions resulting from the presence of the carrier gas e.g., 
unaccounted bulk movement leading to difficulties in 
analysis of  results or the possibility of  interference in 
the dynamic adsorption process (especially for weakly 
adsorbing gases). When the pressure difference is pro- 
viding the driving force the obvious difficulty is the 
vacuum leak restriction. 

The mass balances presented in this review included 
concentration as the measurable variable and hence ap- 
plies to both configurations (concentration can be sim- 
ply related to pressure at a known temperature and is 
directly measurable for the WiCke-Kallenbach configu- 
ration). It should be noted that Section 2.3.4 on viscous 
permeation does not apply to the Wicke-Kallenbach 
configuration nor does the application of the helium 
method (Section 2.4.1.3). All other sections apply to 
both configurations. 

6.2. Pellet Formation 

Petropoulos and Roussis (1967) have shown that com- 
pression of the solid will have an effect on the observed 
permeability. Consistent compression and compres- 
sion in several small increments has been suggested to 
be the best way to avoid permeation anomalies caused 
by change in porosity along the axis of diffusion. 

There are 3 essential factors to consider in pellet 
design: length, diameter and consolidation pressure. 
Table 3 contains the limits and typical values for pellet 
formation. 

Table 2. The relative advantages and disadvantages of both configurations. 

Advantage Disdvantage 

Wicke-Kallenbach experiment 

Minimal leak restrictions 

Multi-component permeation easily undertaken 

Traditional pressure driven permeation experiment 

Simple monitoring using pressure transducer 
Single driving force 
Fluid phase transport parameters easily determinable 

Carrier gas may interfere with dynamic equilibrium between 
adsorbate and solid 

Any pressure gradient will lead to bulk movement of carrier gas 
Need for chromatography, spectrometry, etc., equipment to 

determine concentration 

Tight vacuum requirements 
Variable system volume necessary 
High pressure differential places large stresses on the pellet 
Multicomponent analysis difficult 
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Table 3. Essential factors to consider in pellet design. 

Length 

Diameter 

Level of 
compaction * 

Upper limit: Long pellets lead to inaccuracy in determination of time lag and flow rate from system leaks 
Lower limit: For short pellets, small error in time measurement may lead to significant error in time lag 
Typical measurement: Strongly consolidated pellets of fine powders: 3-5 cm. 
Crystal pellets with large macropore volume: ~ lm 

Upper limit: High permeate flow leads to fast pressure rise defying prescribed boundary conditions 
Lower limit: Low permeate flow results in inaccurate determination of flow rate 
Typical measurement: 0.5 - lcm. 
Upper limit: High pressure may lead to structural deformation 
Low limit: Low consolidation results in macropore diffusion control 
Typical measurement: 1000 kg/cm 2 

*Pellets must be compressed in several increments to avoid inhomogeneities along the axis of penetration. 

6.3. Characterisation 

The permeation process in porous solids generally con- 
sists of  Knudsen and surface diffusion in parallel. Mon- 
itoring the permeation of  helium (only possible using 
pressure driven permeation) characterises the Knud- 
sen permeation and reveals information regarding the 
mesopore network for tightly compressed pellets. All 
other gases have significant adsorption and surface dif- 
fusion combined with the gas phase permeation. The 
raw data obtained from the experiment must be treated 
and analysed appropriately to determine the surface 
diffusivity. Figure 10 provides the procedure for de- 
termining the diffusivity for the possible scenarios en- 
countered in experiment. For each scenario the reader 
is directed to the relevant section of  this review. This 
figure shows that the tortuosity, Knudsen and surface 
diffusivities and even the Henry law constant can be 
estimated from permeation data (using time lag and 
the steady state slope) with helium and an adsorbing 
species. 

Table 4 contains the values for typical experimental 
variables together with the Knudsen and surface diffu- 
sivity values for material and adsorbate specified. All 
experiments were conducted using the pressure driven 
permeation method. 

7. Conclusion 

The time lag permeation method is a flexible technique 
for characterisation which can be applied to a variety of 
solids. Measurement of  the amount of  fluid penetrating 
the solid membrane provides the means for characteri- 
sation in the time lag technique. If  the diffusion mecha- 
nism is one of  simple Fickian diffusion with or without 
simultaneous adsorption, the asyraptotic solution will 

reduce to a relatively simple relation with the diffu- 
sion coefficient. If  the diffusion is of  non-Fickian type, 
or the adsorption is nonlinear, the modelling equations 
should be solved by numerical methods for the concen- 
tration profile. However, an expression for the asymp- 
totic solution can be obtained from the mass balance 
by the method of  Frisch and used to evaluate the neces- 
sary parameters thus avoiding cumbersome numerical 
techniques. The complexity of  the asymptotic solution 
is dependent upon the complexity of the kinetic pro- 
cesses occurring within the solid. A limitation of the 
time lag method which also applies to other techniques 
is the requirement of careful construction of  the mem- 
brane in order for it to yield consistent data. The strict 
vacuum requirements for experimentation can also be 
considered a limitation. 

Nomenclature 

Symbol 

Ac Cross-sectional area of  solid perpendicular 
to direction ofdiffusion 

A Area available for fluid phase penetration. 
b Adsorption affinity 
C Concentration of  diffusant in the membrane 
D Diffusion coefficient 
D r  Ideal gas phase diffusion coefficient defined 

by the Knudsen equation 
J Flux 
K Henry law constant 
l Length of  the membrane 
L Length of  the diffusion path 
Lc Measurablel length of the pellet 
P Pressure 
Q Amount of  permeating adsorbent measured 
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Measure helium time lag (h,)).o and . 
steady state slope (S.)He, at many temperatures 

Condition: Porp < 0.005 Pa.m 

I Check that (S)a~ / T in =.constant 
and (t,.~)a~ x T in =constant 

4-+ 

I I 1 
Conduct permeation experiment with adsorbing gas I 

I 

at many upstream pressures and temperatures I 

(tal)ff~f (Co) " (t,,,),.~ f (C,,) ( t . ) . ~ C o )  

Linear isotherm with 
constant surface diffusivity 

Small do~ nst ream LargeX~wnstream 
% .  

volume N ~ e  

Permeation anomaly 
(transient effect) 
e.g. blind porosity 

Permeation anomaly eg. 
non-linear adsorption and surface 
diffusion or viscous diffusion 

No true steady state l 
flowrate measurable I measurable 

I 

Weakly o r ~  
moderately// 

adsorbing g a s /  

I 
Measure adsorbate time lag (t,.~).,a [ 

and steady st.ate slope (S.)ads" I 

Steady state flowrate I Method of Frisch 0957) I 

I for analysis (Section 2.3) I 
~ r  longly adsorbing gas 

ng pellet 

t se transient curve to determine diff~ivity [ 

÷++ 

I 
Section 2.2.3 

P [ We have °btained Ds'DK 'K ' and "c 

++ Equations obtained from simultaneous solution of (l 6a) and (16b). 
+++ Equations obtained from simultaneous solution of (67a) and (67b). 

I = 

ection 2.1.2 

Figure lO. Algorithm representing the procedure for determination of fluid phase and surface diifusivity, tortuosity and Henry law constant 
using Helium permeation and adsorbate permeation (in range of upstream concentrations comesponding to Henry law adsorption) for an initially 
clean slab pellet. 
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